The extended hyperbolic functions method Klein-Gordon-Zakharov equations Explicit and exact solutions Solitary wave solutions Periodic wave solutions a b s t r a c t Based on the extended hyperbolic functions method, we obtain the multiple exact explicit solutions of the Klein-Gordon-Zakharov equations. The solutions obtained in this paper include (a) the solitary wave solutions of bell-type for u and n, (b) the solitary wave solutions of kink-type for u and bell-type for n, (c) the solitary wave solutions of a compound of the bell-type and the kink-type for u and n, (d) the singular traveling wave solutions, (e) periodic traveling wave solutions of triangle function types, and solitary wave solutions of rational function types. We not only rederive all known solutions of the Klein-Gordon-Zakharov equations in a systematic way but also obtain several entirely new and more general solutions. The variety of structures of the exact solutions of the Klein-Gordon-Zakharov equations is illustrated.
Introduction
In the theoretical investigation of the dynamics of strong Langmuir turbulence in plasma physics, various Zakharov equations take an important role [1, 2] . In this paper, we consider the following Klein-Gordon-Zakharov equations:
with u a complex function and n a real function, where α, β are two nonzero real parameters. This system describes the interaction of the Langmuir wave and the ion acoustic wave in a high frequency plasma [1, 2] . In recent years, there have been many works on the qualitative research of the global solutions for the Klein-Gordon-Zakharov equations (1)-(2) [3] [4] [5] [6] . Chen Lin considered orbital stability of solitary waves for the Klein-Gordon-Zakharov equations in [7] . More recently, some exact solutions for the Zakharov equations are obtained by using different methods [8] [9] [10] [11] [12] [13] [14] . These solutions are not general and by no means exhaust all possibilities. They are only some particular solutions within some specific parameters choices.
The aim of this paper is to find the new and more general explicit and exact special solutions of the Klein-GordonZakharov equations (1)- (2) . We obtain various of explicit and exact special solutions of the Klein-Gordon-Zakharov equations (1)-(2) by using the extended hyperbolic functions method presented in [15] by author. These solutions include that of the solitary wave solutions of bell-type for u and n, the solitary wave solutions of kink-type for u and bell-type for n, the solitary wave solutions of a compound of the bell-type and the kink-type for u and n, the singular traveling wave solutions, the periodic traveling wave solutions of triangle functions type, and solitary wave solutions of rational function type. This paper is organized as follows: In Section 2, we present the concrete scheme of the extended hyperbolic functions method for nonlinear wave equations. In Section 3, the method proposed in Section 2 is used to find the explicit and exact special solutions of the Klein-Gordon-Zakharov equations (1)-(2).
The extended hyperbolic function method
In this section, we briefly review the extended hyperbolic function method, a general method presented in [15] by the first author of this paper based on the methods given by the first author in [16] , Conte et al. in [17] , and Zhang et al. in [18] . The solitary wave solutions, the singular traveling wave solutions, periodic wave solutions of triangle function types, and traveling wave solutions of rational function type are constructed uniformly by this method.
Given nonlinear partial differential equation, for instance, in two variables, as follows:
where P is in general a nonlinear function of its arguments, the subscripts denote the partial derivatives. Let u(x, t) = u(ξ), ξ = kx + ωt, then Eq. (3) reduces to a nonlinear ordinary differential equation(ODE)
First of all, based on the fact that solitary wave solutions of nonlinear wave equations are generally polynomials of the sech ξ function, we suppose that the solution of the ODE (4) is of the form
where the coefficients a i (i = 1, 2, . . . , n) are constants to be determined and v = v(ξ) satisfies a nonlinear ordinary differential equation of first order
The polynomial degree n can be determined via balancing the highest order derivative terms and the nonlinear terms in ODE. Substituting (5) into (4) and using (6) repeatedly, we obtain a set of nonlinear algebraic equations for
With the aid of the computer program Mathematica or Maple 4 [19] , we can solve the set of nonlinear algebraic equations and obtain all the constants a i (i = 0, 1, 2 . . . , n), a, b, k, ω. Note that the ODE (6) has the following eight kinds of general solutions
So the multiple exact special solutions of nonlinear partial differential equation (3) are obtained by making use of (5) and (7).
Secondly, note that many solitary wave solutions of nonlinear wave equations are polynomials of the tanh ξ function, we suppose that the ODE (4) has solution of the form (5) and v = v(ξ) satisfies a nonlinear ordinary differential equation of first
The balance constant n can be obtained by means of the leading order term analysis. Substituting (5) into (4) 
The multiple exact special solutions of nonlinear partial differential equation (3) are obtained by making use of (5) and (9) . In 1992, Conte et al. presented an indirect method to find more new solitary wave solutions of nonlinear partial differential equations that can be expressed as a polynomial in two elementary functions which satisfy a projective Riccati equation [17] . In [18] , Zhang et al. proposed the hyperbolic function method based upon the fact that many solitary wave solutions have the format of hyperbolic functions. They expressed the solitary wave solutions of the nonlinear wave equations as the combination of hyperbolic functions and obtained many new exact solitary wave solutions. In [20] , Yan presented the generally projective Riccati equation method. More recently, Chen and Ding improved the projective Riccati equation method in [21] and obtained some new solitary wave solutions to the nonlinear evolution equation. In order to obtain some more general exact solutions, we assume that the solutions of the ODE (4) is of the form (10) where the coefficients a i (i = 0, 1, 2 . . . , n) and b j (j = 1, 2, . . . , n) are constants to be determined. The functions f and g satisfy the coupled Riccati equations
respectively. Furthermore, we can obtain their first integrals as given
respectively. The balance constant n can be determined by the analysis of the leading order term. Substituting (10) into (4) and making use of (11)- (12), eliminating any derivative of (f , g) and any power of g higher than one and setting the coefficients of the different powers of f and g to zero, we obtain a set of nonlinear algebraic equations with all parameters which are to be determined. With the aid of the computer program Mathematica or Maple 4 [19] , we can solve the set of nonlinear algebraic equations and obtain all the constants
Note that the ODEs (11) have the following special solutions
respectively. So we also obtain the multiple exact special solutions of nonlinear partial differential equation (3) by combining (10) with (13).
New explicit and exact solutions of the Klein-Gordon-Zakharov equations
In this section, we shall apply the method developed in Section 2 to the Klein-Gordon-Zakharov equations (1)- (2) and give it a series of explicit exact solutions.
To begin with, let us consider the following gauge transformation
where ϕ(x, t) is a real-valued function, k, ω are two real constants to be determined, ξ 0 is an arbitrary constant. Substituting (14) into (1)- (2), we get
In view of (16) we suppose
where ξ 1 is an arbitrary constant. Substituting (18) into (15), we infer that
Therefore, we can also assume
Substituting (20) into (17) and integrating the resultant equation twice with respect to ξ, one obtains
where C is an integration constant. Substituting (21) into (15), we get
In the following we will discuss how to solve exactly the Liénard equation (23). Firstly, we suppose that the Liénard equation (23) has a solution of the form (5) with v satisfying Eq. (6). We require b is different from zero in order to obtain nontrivial real solutions. It is easy to know that n = 1 by the analysis of the leading order term. So we assume that
substituting (24) into (23) and making use of (6), we obtain a set of nonlinear algebraic equations
In order to obtain an nontrivial solution, we assume that a 1 = 0. Solving Eq. (25), we have
By combining (7), (14), (18), (20), (21), (24) and (26), we have
has explicit and exact solitary wave solutions of bell-type for u(x, t) and bell-type for n(x, t) ( 
where k, ω, C are arbitrary constants and ξ = ωx+kt, ξ 0 , ξ 1 are two arbitrary constants. The singularity will occur at ξ = −ξ 1 in solutions of (29)-(30) and it represents that the distortions arise from the Langmuir wave of the ion n and the ion acoustic wave intensity u due to instability. 
and
where k, ω, C are arbitrary parameters and ξ 0 , ξ 1 are two arbitrary constants. These two sets of solutions suggest that the periodic unstable distortions arise from the Langmuir wave intensity n and the ion acoustic wave intensity u.
, then the Klein-Gordon-Zakharov equations (1)-(2) has explicit and exact solitary wave solutions of bell-type for u(x, t) and bell-type for n(x, t) given as
where k, ω are arbitrary constants and ξ 0 , ξ 1 are two arbitrary constants.
Secondly, we suppose that the Liénard equation (23) has a solution of the form (5) with v satisfying (8).
To obtain nontrivial real solutions we also require b = 0. It is easy to know that n = 1 by the analysis of the leading order term. We assume that 
By combining (9) , (14), (18), (20), (21), (37) and (39) , we have
, then the Klein-Gordon-Zakharov equations (1)-(2)
has explicit and exact periodic wave solutions of triangle functions type as given
where k, ω are arbitrary constants and ξ 0 , ξ 1 are two arbitrary constants. 
the Klein-Gordon-Zakharov equations (1)-(2) has explicit and exact solitary wave solutions of kink-type for u(x, t) and bell-type for n(x, t) as given
where k, ω, C are arbitrary constants and ξ 0 , ξ 1 are two arbitrary constants. 
, then the Klein-Gordon-Zakharov equations (1)-(2) has explicit and exact solitary wave solutions of bell-type for u(x, t) and bell-type for n(x, t) as given
and making use of (11a) and (12a), we can obtain a system of nonlinear algebraic equations with c 0 , 
, while a, b, and r are arbitrary constants satisfy r
We can also obtain another two set of solutions
when l = −1, and 
where a, b, and r are arbitrary constants such that r
2 )m > 0, and 
provided that l = − 1 2 , m < 0. We also obtain two solutions
when l = 1, m < 0, and From (55)- (57) and (62)- (64) , we have
Theorem 3. (1) The Klein-Gordon-Zakharov equations (1)-(2) has explicit and exact solitary wave solutions of a compound of kink-type and bell-type for all u(x, t), n(x, t)
where k, ω, r, a, b are arbitrary constants such that αβ < 0, r
The Klein-Gordon-Zakharov equations (1)-(2) has explicit and exact solitary wave solutions
where k, ω are arbitrary constants such that αβ < 0, ω
The Klein-Gordon-Zakharov equations (1)-(2) has explicit and exact periodic wave solutions of triangle functions type
where k, ω, a, b, r are arbitrary parameters such that αβ < 0, b
The Klein-Gordon-Zakharov equations (1)-(2) has explicit and exact periodic wave solutions of triangle functions type 2 ) + αC + 1 = 0, ξ = ωx + kt + ξ 1 .
Summary and conclusions
In summary, we adopt the extended hyperbolic functions method, to obtain multiple exact traveling wave solutions of the Klein-Gordon-Zakharov equations. We obtain some more general solitary wave solutions of the Klein-Gordon-Zakharov equations. It not only produces the same solutions as originally by [6, 7] and [10] but also can pick up what we believe to be new solutions missed by other authors. The results indicate the Klein-Gordon-Zakharov equations admit multiple exact traveling wave solutions with two or three arbitrary parameters. The type of exact solitary wave solution is different along with different value of arbitrary parameters. So we can choose appropriate parameter value to obtain solutions we need in practical problems. The method can also be employed to solve a large number of other nonlinear evolution equations, such as nonlinear reaction-diffusion equation, the long-short wave resonance equation, the shallow water wave equation [17] . In case of a = 0, b = 1 in (11a), (12a) and (13a), we obtain some singular traveling solutions corresponding to the solitary wave solutions of the Klein-Gordon-Zakharov equations (1)-(2) obtained in case a = 1, b = 0.
We would like to point out that g in Eq. (7) of [20] is in full agreement with f in (13a) of this paper but f in Eq. (7) of [20] is different from g in (13a) of this paper. It is worthwhile emphasizing that σ i (i = 1, 2) in (11) (respectively σ i (i = 3, 4) in (12) of [21] are special cases of f in (13a)) (respectively (13b)) of the present paper but g in (13a) and (13b) of this paper are more general than τ i (i = 1, 2) in (11) and τ i (i = 3, 4) in (12) of [21] .
